In the present study, we investigate the strength properties of ductile porous materials reinforced by rigid particles. The microporous medium is constituted of a Drucker-Prager solid phase containing spherical voids; its behaviour is described by means of an elliptic criterion (issued from a modified secant moduli approach) whose corresponding support function is determined. The later is then implemented in a limit analysis approach in which a careful attention is paid for the contribution of the inclusion matrix-interface. This delivers parametric equations of the effective strength properties of the porous material reinforced by rigid particles. The predictions are compared to available results obtained by means of variationnal homogenization methods successively applied for micro-to-meso and then for meso-to-macro scales transitions. Moreover, we discuss in detail the predictions of the material strength under isotropic mechanical loadings. To this end, additional static solutions are derived and compared to the kinematics limit analysis ones. Finally, we derive an approximate closed-form expression of the macroscopic strength which proves to be very accurate.
Introduction
Being hard clayey rocks, COx Argillite is a porous clay matrix in which quartz or silica inclusions are embedded. In the present study, we mainly aim to derive new closed-form results for the strength of the COx argillite, under the assumption that the solid phase of the clay is a Drucker-Prager perfectly plastic material. Therefore, the behaviour of the microporous clay is described by means of an elliptic criterion [2] whose corresponding support function is determined in this paper. Then by using this support function, we explore an alternative approach which can be viewed as an extension of the original Gurson model. Instead of a spherical cavity surrounded by a matrix, the proposed 'rigid core sphere model' consists of a rigid spherical core surrounded by the homogeneous porous material. The failure criterion of this 'rigid core sphere model' is derived in the framework of the cinematic approach of limit analysis (LA). It is worth noting that from the LA point of view the failure mechanism can include a strain concentration at the core-matrix interface which can be described mathematically. ( [1] [2] [3] , [6] , [9] , [11] , [12] ). Notations: 1 and I are the second and fourth order identity tensors. 
Note that 0 3 2 T f < ≤ / (see [6] ), f is the porosity. At the mesoscopic scale, the clay matrix is described by the elliptic criterion (2). In the framework of limit analysis theory (see e.g. [10] ), a dual characterization of the strength criterion ( ) 0 
Overall dissipation at the mesoscopic scale
We now focus on the transition from the mesoscopic scale to the macroscopic scale which constitutes the second homogenization step and is the main subject of the present paper. We seek the macroscopic criterion by means of a Gurson-type approach. As already stated, the microstructure at the mesoscopic scale is described by a composite sphere Ω with a rigid core surrounded by the homogenized clay resulting from the micro-to-meso transition. The external (resp. internal) radius is denoted by e r (resp. i r ). 
Velocity field at the mesoscopic scale
For geomaterials, we define here a family of cinematically admissible (k.a.) velocity fields with D , depending on one compressible parameter A : 
The strain rate in the clay ( i e r r r ≤ ≤ ) can be determined from (6) (6) . This implies that the dissipation associated with a discontinuity of velocity must be considered at the boundary I ( i r r = ) (section 3.4).
Macroscopic support function
Defining the macroscopic strength domain ( ) 
For further use, let us introduce the following notation:
Accordingly: 
The stress state of (14) lies on the boundary of hom G at the location where the normal is parallel to D . The overall dissipation of (12) proves to read in the following form:
with the notations introduced in (19), (27) and (28). For the sake of completeness, sections 3.3 and 3.4 respectively determine the contribution (18) of the shell m Ω (volume integral in (10)) and the contribution (26) of the interface I (surface integral in (10)) which has led to (15). Section 4 will consider the minimization w.r.t. parameter A.
Contribution of the shell to dissipation
For a given value of parameter A, the contribution of the matrix to the macroscopic dissipation reads
In order to obtain an analytical expression of
, the approximation introduced in [4] is applied. Let ( ) S r denote the sphere of radius r. As a consequence of the Cauchy-Schwarz inequality, it is readily seen that
We observe that the average 
Inclusion-matrix interface
Unlike the classical Gurson's 'hollow sphere model', the model proposed in this paper substitutes a rigid core for the void in the center of the thick-walled sphere. Therefore, owing to null velocity (
in the rigid core, a velocity discontinuity tales place at the core boundary:
.
Surface density of dissipation
The velocity field A v being discontinuous across the surface I (rigid core boundary), its gradient and the associated strain rate are to be defined in the sense of the distribution theory:
where { } d is the standard expression of the strain rate corresponding to its smooth part, I δ is the Dirac distribution which support is the surface of discontinuity I and r n e = is the unit normal to this surface. The surface density of dissipation ( ) 
where d I is defined as ( )
Recalling (6) and (22), the strain rate d I associated with the velocity jump can be obtained and written as ( )
Eventually, the surface density of dissipation is derived from the combination of (21) and (3) 0 2 ( ) with
Contribution of the interface to dissipation
Recalling (16), the macroscopic dissipation related to the part of inclusion-matrix interface depending also on the scalar A can be written as
Again, the integration of on the sphere I is equal to 0, it is readily seen that ( )
Macroscopic criterion
The macroscopic support function can be determined by minimizing the sum (
, + , Π Π with respect to the parameter A. Accordingly, the boundary of hom G is determined according to (14) [7] :
Comparison with the result obtained by a variational approach
Predictions according to (30) of the macroscopic criterion derived in the framework of the cinematic approach of limit analysis are now compared with the result obtained by the variational approach [11] . For the derivation of their criterion, these authors consider a variational approach in the two homogenization steps. Their criterion reads: 
Applying the parameters f=0.25 and T=0.525, the comparison between the results predicted by the two different methods is shown in Fig.1 As it can be seen in Fig.1 , the analytical estimate (31) obtained by the variational approach and the prediction from (30) based on the 'rigid core sphere model' show a very good agreement for purely isotropic stress states, both in traction and compression. It is noteworthy that the strength under purely isotropic stress seems surprisingly almost unaffected by the volume fraction ρ of the rigid core. Although the shapes of the yield surfaces predicted by the two methods are similar, the strength predicted by limit analysis always overestimates that predicted by the variational method. In particular, as far as the strength under pure shear loading is concerned, the difference becomes very important when the volume fraction of the rigid core ρ is larger. In order to gain a deeper understanding of the effect of the parameter ρ , the isotropic strength will now be compared with the exact solution predicted by the so-called static approach (sections 6). On the other hand, we note that the strength predicted by limit analysis ( The theory of limit analysis teaches that a cinematic approach like the Gurson one provides an upper bound of the true strength. In order to check the accuracy of a cinematic estimate, it is therefore highly desirable to derive a static approach which in turn will deliver a lower bound of the true strength. We therefore seek the stress field solution to an isotropic loading (traction or compression) in the framework of the 'rigid core sphere model'. The macroscopic stress state is of the form 1 
In order for this integral to be defined, two mathematical conditions are to be met, namely 0 Δ ≥ and 0 D ε ≠ . This remark leads to introduce the solutions to the equations of 0 Δ = and of
First, let 1m ± Σ denote the solutions to 0 Δ = , which read: 
7. An approximate analytical macroscopic criterion
We seek an approximation of the criterion by an ellipse in the ( ) According to the comparison between the predictions of the analytical macroscopic criterion, (48), and the parametric criterion predicted by (30). We found that the comparison shows an excellent accuracy of (48).
Conclusion
On the basis of a limit analysis approach, we have proposed an extension of available models (devoted to the macroscopic strength of porous media). This extension concerns porous materials with a Drucker-Prager solid phase, reinforced by rigid particles. The proposed model concerns in particular, the Callovo Oxfordian clay as a composite material made up of rigid inclusions embedded in a porous clay matrix. The obtained results has been compared to the estimate of the strength recently derived by [4] on the basis of a variational non linear homogenization approach. A good accuracy of the estimate of the strength under isotropic loadings has been shown by a comparison with the results of a static (stress based) approach of the limit analysis problem. An interesting observation is that the estimates of the isotropic strength in traction or in compression do not depend on the homogenization method (limit analysis, variational method). Furthermore, the isotropic strength proves to be only slightly affected by the rigid core volume fraction. The practical implication is that the isotropic strength properties of the clay matrix and of the Callovo Oxfordian argillite are very close, irrespective of the quartz/calcite content. In contrast, a significant discrepancy between the failure envelopes is observed on the shear strength for large values of the rigid inclusions concentration.
